Abstract. It is proven that the general Kirchhoff case of the Kirchhoff equations for B = 0 is not algebraic complete integrable system. Similar analytic behavior of the general solution of the Chaplygin case is detected. Four-dimensional analogues of the Kirchhoff and the Chaplygin cases are defined on e(4) with the standard Lie-Poisson bracket.
Introduction
Starting from the fact that both in the Euler and the Lagrange cases of motion of a heavy rigid body fixed at a point, the general solutions are meromorphic as functions of complex time, Sofia Kowalevski in [11] had proposed a problem of finding all cases of such rigid-body motion that have general solutions with the same analytic properties. Kowalevski had discovered that there was only one extra case, with such dynamics, what is nowadays called the Kowalevski case. Moreover, Kowalevski had found an additional polynomial first integral (of fourth degree) and she solved the system in terms of genus two theta-functions. In mid 1970's Kozlov proved (see [12] ) a nonexistence of fourth analytical first integral in heavy rigid-body dynamics, except in the three cases mentioned above. Thus, it appears that in the case of motion of a heavy rigid body fixed at a point, a fourth first integral exists exactly in cases when the general solutions are meromorphic functions of complex time.
Further development of such analytic theory of differential equations was associated with Painlevé.
A modern theory of so-called algebraic complete integrable systems has been performed by many authors, and the most fundamental results and precise definitions can be found in the book [2] (see also [1] ).
It has generally been assumed among the experts as a strong believe that the same parallelism between complete integrability and meromorphicity of general solutions exists also in a similar case of motion of a rigid body in an ideal incompressible fluid which rest in infinity, described by so-called Kirchhoff equations. The known integrable cases are those of Kirchhoff, the Clebsch case, the Steklov-Lyapunov case, the Sokolov case. For the full list of known integrable cases see for example [3] .
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The main result of the present paper is the proof that the general Kirchhoff case, for B = 0 (see below for notations) is not algebraic complete integrable. Its general solution is not a meromorphic function of complex time. Thus, there are classical, very well-known cases of integrable dynamics of Kirchhoff equations which are not algebraic integrable and which do not pass the so-called Kowalevski-Painlevé test. In the proof we use the method of small parameter, and historically it goes back to Poincaré.
We also study the Chaplygin case, which is classically known perturbation of the Kirchhoff case and known to be non-integrable (see [13] ). By the same method of the small parameter we detect similar behavior of the general solution of the Chaplygin case as in the general Kirchhoff case.
Finally, we study four-dimensional generalizations and we define appropriate analogues of the Kirchhoff and of the Chaplygin case.
Three-dimensional Kirchhoff equations
The motion of a rigid body in an ideal incompressible fluid which rest in infinity is described by the Kirchhoff equations [10, 14, 3] :
Here M and p are the impulsive moment and the impulsive force. The matrices B and C are symmetric, A is a symmetric positive-definite matrix, and they reflect the geometry and the mass distribution of the body. The equations (1) are Hamiltonian on Lie algebra e(3) with the standard Poisson structure
The Casimir functions are F 2 = M, p , F 3 = p, p . Thus, for complete integrability in the Liouville sense, apart from the Hamiltonian F 1 = H, one needs one additional first integral. The Kirchhoff case (1870) is defined by the conditions (see [10] ):
An additional first integral is F 4 = M 3 . Thus, the Kirchhoff case is in a sense, analogous to the Lagrange case of motion of a heavy rigid body fixed at a point.
Algebraic integrability of Kirchhoff case
When B = 0, the Kirchhoff case can be seen as a special case of the Clebsch integrable case defined by
= 0. A Lax representation and a higher-dimensional generalization of the Clebsch case are given by Perelomov (see [16] ). It is known that the Clebsch case is algebraic complete integrable system (see for example [15] ).
Let us pass to the case when B = 0. The Kowalevski-Painlevé test gives necessary conditions for an n-dimensional system to be algebraic completely integrable: the system has to posses Laurent solutions depending of n − 1 parameters. The vector field in the Kirchhoff equations is homogeneous quadratic in M i , p i . One can expect solutions which admit poles of the first order:
From the first integrals one can conclude that
. Consequently, we have that b 3 = b 1 or p 
Thus, a natural question arises:
In the general case B = 0 is the Kirchhoff case algebraic complete integrable system?
In order to answer the question, we are going to apply the method of small parameter, following some ideas of Lyapunov (for the details and very interesting history of the subject, see [9] ).
Let us choose b 3 − b 1 = ǫ as our small parameter. Then, the equations of motion in the Kirchhoff case can be rewritten:
The unperturbed system, defined by ǫ = 0, has a particular solution
and α, β are constants that satisfy α 2 + β 2 = 1. The expressions (4), (5) are the first terms in the Laurent series for a solution
. of the equations (3). For the second terms one gets the following system:
First we will find the solutions of the homogeneous system (7)
This is a homogeneous system of linear equations and it has nontrivial solutions only when the determinant of the system is zero:
By solving the system (8) for s = 1, s = −1, and s = −2 one gets the general solution of system (6):
where a =
. We will find the solution of (6) by using the standard method of variation of constants. We have:
and one gets
Thus, k 4 (t) is not a uniform function of complex time and we get proved the following theorem:
Theorem 1. When B = 0, the Kirchhoff case of the Kirchhoff equations is not algebraic integrable system.
Three-dimensional Chaplygin case
In 1897 Chaplygin (see [4] ) defined a case which instead of a first integral had an invariant relation. This system has also been considered in [13] where nonintegrability of the system has been proven. The Chaplygin system is defined for A = diag(a 1 , a 2 , a 3 ) by:
The invariant relation is:
Conditions (10) may be seen as certain analogous of the Hess-Appel'rot conditions in the case of motion of a heavy rigid body fixed at a point. A geometric interpretation of Hess-Appel'rot conditions has been given by Zhukovski. Using it, one can see the Hess-Appel'rot case as a perturbation of the Lagrange top. Detailed analysis of this system as well as higher dimensional generalizations, the Lax representation and bi-Hamiltonian properties are given in [5, 7] . The class of systems of Hess-Appel'rot type is defined there also. Starting form the basic properties of this class od systems a new set of examples are constructed in [8] .
Similarly, the Chaplygin case is a perturbation of the Kirchhoff case. Let us choose the basis where a 1 = a 2 . In this new basis, the Chaplygin conditions are (see for example [3] ):
where H K is the Hamiltonian for the Kirchhoff case. In the new coordinates the invariant relation is M 3 = 0.
Let us apply now the method of small parameter to the Chaplygin case when B = 0. We will consider a 13 as a small parameter ǫ. The equations are:
We assume M 3 = 0. The unperturbed system coincides with the unperturbed system of equations (3). Hence, it has a particular solution (4), (5) . For the terms of order ǫ, one gets the system which homogeneous part is (7) . Applying again the method of variation of constants, one gets the solutions (9) where
From the Lax representation for the Clebsch case, given by Perelomov in [16] , a Lax representation for the Kirchhoff case when B = 0 can be obtained. A Lax representation for the Chaplygin case, given below is a perturbation of that one, given by Perelomov.
Theorem 2. When B = 0, on the invariant manifold given by the invariant relation, the equations of motion of the Chaplygin case are equivalent to the matrix equation:
The spectral curve det(L(λ) − µ · 1) = 0 is:
It is singular and has an involution σ : (λ 1 , µ) → (−λ 1 , µ). The curve Γ 1 = Γ/σ is a nonsingular genus one curve.
Higher-dimensional Kirchhoff equations-the Kirchhoff and
Chaplygin cases on e(4)
We will consider a generalization of the Kirchhoff equations on e(n). Let us consider the Hamiltonian equations with a Hamiltonian function:
in the standard Lie-Poisson structure on so(n) given by: 
